Non-minimally coupled Brans Dicke (BD) gravity with dynamical unit time-like four vector field is used to study flat Robertson Walker (RW) cosmology in the presence of variable cosmological parameter described in terms of the BD field as V (φ) = Λφ n . Aim of the paper is to seek cosmological models exhibiting with metric signature transition. The problem is studied in both classical and quantum cosmological approach. Solutions of classical dynamical equations lead to nonsingular inflationary scale factor of space time as R(t) = l p cosh(t/l p ) where l p denotes to Planck length. Corresponding Euclidean signature scale factor is obtained directly by changing t → it as R(t) = l p cos(t/l p ) describing re-collapsing universe. Dynamical vector field together with the BD scalar field treats as fluid with time dependent barotropic index γ(t) = p(t)/ρ(t) where p(t) and ρ(t) are pressure and density of the fluid. At large scales of the space time we obtain γ(t) → −1 corresponding to dark matter dominant of the fluid. Positive values of this parameter is obtained only at the Euclidean regime of the space time and whose value is changed from −∞ to +∞ on the metric signature transition hypersurface t = 0 where metric is degenerated. Dust and radiation domains of the fluid stands on the Euclidean regime of the space time. Euclidean regime is also contained γ(t) < 0 corresponding dark matter dominate for short times. In the quantum cosmological approach we solve corresponding Weeler De Witt (WD) wave equation. Assuming a discreet non-zero ADM mass M j = 2(2j + 1)/l p with j = 0, 1, 2, · · · , WD wave solution is described in terms of simple harmonic quantum Oscillator eigne functionals. WD wave solutions of the Lorentzian and Euclidean signature of the flat RW space time have same values on the metric signature transition hypersurface and whose maximum value is obtained with ground state of the quantum universe j = 0.
Introduction
Lorentz invariance is a fundamental requirement of the standard model of particle physics, verified to high precision by many tests [1] . Whereas, string theory predicts that we may live in a universe with non-commutative coordinates [2] , leading to a violation of Lorentz invariance [3] . Furthermore, astrophysical observations suggests the presence of high energy cosmic rays above the Greisen-Zatsepin-Kuzmin cutoff [4] , results which may be explained by a breaking down of Lorentz invariance [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . More generally, Lorentz invariance violation seems to be related to unknown physical effects of space time at the planck scale (l p = (16πG) −1/2 with c = = 1) [17] . A straightforward method of implementing local Lorentz violation in a gravitational setting is to introduce a tensor field with a non-vanishing expectation value, and then couple this tensor to gravity or matter fields. The simplest proposal of this approach is to consider a single time-like vector field N µ with a fixed norm [18] [19] [20] [21] [22] [23] . Physical interpretation of such a vector field denotes to gravitational effects of preferred reference frames. Regarding general covariance principle, N µ should be taken as a dynamical field. Also, studies of vector fields in a cosmological setting without the fixed norm have been done elsewhere [24] [25] [26] [27] [28] [29] [30] . In this view Lorentz invariance violation directly causes to change the metric signature of space time [23] .The motivation into metric signature transition is usually caused by the extension of real functions to complex values, which needs to be consideration at least as trivial wick rotations in a complex plane [23, 31, 32, 33, 34] . According to the work presented by Barbero et al [22] [23] , the author was attempt to generalize the BD gravity model [35] previously by transforming of metric as g µν → g µν + 2N µ N ν where N µ is assumed to be a dynamical unit time like vector field [36] . Flat RW cosmological setting of the model leads to dust, radiation and inflationary cosmology with both power-law and exponentially time dependent scale factor function. In this paper we use BD scalar-vector-tensor gravity model [36] in the presence of a variable cosmological parameter. Then we seek flat RW cosmological models exhibiting metric signature transition from Lorentzian (-,+,+,+) to Euclidean (+,+,+,+) in both classical and quantum approach. Organization of the work is as follows. In section 2, we call the BD scalar-vector-tensor gravity model [36] briefly in the presence of the potential V (φ) = Λφ n which is suitable for chaotic inflation of the universe [37] , where the parameter n is assumed to be has real values and Λ is a constant. In section 3 we solve dynamical field equations defined in a flat RW metric with Lorentzian signature (-,+,+,+). We choose suitable class of metric solutions describing several properties of the flat RW Universe: Inflation, non-singularity and signature changing of the space time metric under the transformation t → it. Section 4 allocates to solve WD wave equation by regarding the Hartle-Hawking boundary conditions: the boundary conditions are that the Universe has no boundary [38] . With large ω, and nonzero ADM mass assumption M j = 2(2j + 1)/l p ; j = 0, 1, 2, · · · , WD probability wave solution is obtained in terms of simple harmonic quantum oscillator eigne functionals. Mathematical derivations predict maximum probability of metric signature quantum tunneling when the quantum universe stands in its ground state j = 0. Also we obtained a convergent series solution of the WD wave equation with zero value of ADM mass parameter. The latter solution is a real (non-real) functional in the Lorentzian (Euclidean) signature of flat RW space time when the WD solution is transformed by replacing R → iR. Euclidean and Lorentzian regime of the latter WD solutions have nonzero same value on the metric signature transition hypersurface R = 0. Section 5 denotes to summary and conclusion.
The model
Let us we take the following scalar-vector-tensor-gravity action [36] :
where
is the well known BD scalar tensor action [35] ,
denotes to action of self interacting BD potential called as 'variable cosmological parameter' in which Λ, n are constants and
describes action of unit time like dynamical four vector field N µ (x ν ) which is coupled with φ and g µν non-minimally. Usually N µ is called as four velocity of preferred frame. The action (2.1) is written in units c = = 1 with Lorentzian signature (-,+,+,+). The undetermined Lagrange multiplier ζ(x ν ) controls that N µ to be an unit time-like vector field. Self-interacting coupling constant Λ has dimension as (lenght) 2n−4 . BD field φ describes inverse of variable Newton's gravitational coupling parameter and its dimension is (lenght) −2 in units c = = 1. Absolute value of determinant of the metric g µν is defined by g. Present limits of dimensionless BD parameter ω based on time-delay experiments [39] [40] [41] [42] require ω ≥ 4 × 10 4 . General relativistic approach of the model (2.1) is obtained with ω → ∞ where the BD action (2.2) leads to the Einstein-Hilbert action [43] [44] . There was obtained that the BD gravity theory can be derived from a low energy string effective theory with a particular value for the BD parameter as ω = −1. It dose not allow for standard inflation [45, 46] . It is due to a fundamental symmetry of strings. In other words it is a symmetry of string amplitudes which relates large and small radius of compactification. Also negative values of ω come from Kaluza-Klein theory, when these alternative theories in (4+h) dimensions reduce to a generalized BD theory after the dimensional reduction in the zero modes approximation such as ω = −(1 + 1 h ) [47] . In the next section of this paper we show that our cosmological model is valid for several cases: ω < 0 with arbitrary n and ω > 0 with n = 1 + 1 2m in which m = ±1, ±2, · · · . Varying (2.1) with respect to ζ(x ν ), φ, N µ and g µν we obtain respectively:
Applying trace of the metric equation (2.9) one can rewritten the equation (2.7) such as follows.
Now, we derive cosmological setting of the model (2.1) such as follows.
Signature transition in classical cosmology
We choose space time with highest symmetry which is spatially homogenous and isotropic dynamical flat universe. Whose line element is given by the well known RW metric. Lorentzian signature (-,+,+,+) flat RW metric is given from point of view of a free falling comoving observer as
where R(t) is the scale factor of space time. In this case BD scalar field φ and vector field N µ will be depend to time parameter t and from point of view of free falling observer the equations (2.6) and (3.1) requires to choose
In this case we have
where over-dot is differentiation with respect to time parameter 't'. Applying (3.1), (3.2) and (3.3), the equation (2.8) become
Applying (3.1), (3.2), (3.3) and (3.4), the equation (2.9) leads to the following relations.
is mass density and
treats as pressure of the cosmological system. Using (3.5) and (3.6) one can obtain matter conservation equation such as follows.
where acceleration equation is obtained as
Using (3.1), (3.2), (3.3) and (3.4), the equation (2.10) become
Inflationary phase of the expanding flat universe is happened withR > 0 and so we see immediately from (3.10) that this implies ρ + 3p < 0. One of simple inflationary phase is obtained with assumption
where l p is assumed to be the Planck length. In this case the equation (3.10) has a simple inflationary expanding non-singular solution as
where we use initial condition as R(0) = l p . Using (3.6), (3.12) and (3.13) and with calculation of simple integrals one can obtain time dependent mass density and the corresponding pressure respectively as
and
in which equation of state become
which dark matter dominant [48] with barotropic index γ = −1, is effective at large scales of the space time (See figure 1). Applying (3.12) and (3.13) we obtain a suitable differential equation for φ(t) such as follows.
in which ρ(t) and p(t) should be inserted by (3.13), (3.14) and (3.15) as 13ω 2φ
which with n ≥ 1 leads tȯ
in limits x → ∞. Asymptotically solutions of the equation (3.21) are
Solution of the equation (3.22) is obtained as
The solution defined by (3.25) is still valid for ω > 0 if we choose n = 1 + 1 2m
; m = ±1, ±2, · · · . With ω < 0 and arbitrary n the solution (3.25) can be rewritten as
propagating on Euclidean signature re-collapsing flat RW universe
This metric is obtained by using (3.1), (3.13) and τ = it. In this case corresponding Lorentzian sector of the space time become
which describes a non-singular inflationary universe with Lorentzian signature (-,+,+,+). Metric components defined by (3.28) and (3.289) have same values on the signature changing hypersurface t = 0. In other words signature of the metric is degenerated on the time-like hypersurface t = 0 and so the Lorenzian sector may to be tunneled quantum mechanically to the corresponding Euclidean region and vis versa. This classical results motivate us to study space time signature transition problem in the quantum cosmological approach, where the classical concept of time breaks down and so conformal factor of spatial 3-space R treats as evolution time parameter. Hence in the following, we will use Euclidean signature (-,-,-,-) of the Lorentzian signature metric equation ds
Signature transition in quantum cosmology
We follow minisuperspace approach of canonical quantum cosmology and solve the corresponding WD probability wave equation of the action (2.1). Applying ADM (Arnowitt-Deser-Misner) decomposition of the metric g µν defined in Gaussian normal coordinates such that [49, 52] (
We obtain Hamiltonian form of the action (2.1) such as follows (see appendix).
Here Π ij and Π φ with Π = γ ij Π ij and
are momenta conjugate of 3-space metric γ ij and BD field φ respectively. Intrinsic curvature (3) R i i denotes to the 3-dimensional Ricci scalar. We note that the kinetic terms of the BD field are suppressed in limit of large ω, which is the reason why the classical theory goes over to corresponding general relativity approach for ω → ∞, provided one chooses that solution
N . The coefficients in front of the gravitational momenta are the components of De Witt's metric in the space of 3-geometries and the BD field φ. It is a 7 × 7 matrix at each space point. The components read
An interesting point is the behavior of the signature of this metric. It is seen that whose signature is depended to sign ω and φ. Its signature is degenerated with ω = − 3 2
and is changed with ω < − ; ω > 3 5 . Particular value ω = −1 which is motivated by string theory still, lies in the hyperbolic region of the minisuperspace, according to result of the paper [53] where the vacuum sector of BD gravity is studied by Kiefer and Martinez. They were presented that in the case of negative φ the signature is also transmitted however this behavior may be irrelevant at the classical level, but it may to be has important consequences for the quantum theory. In other words negative φ provides negative ADM mass and violation of 'positive energy theorem' (see [53] ). More general gravitational theories are presented where ω is depended to the BD field φ such that the space time signature is maintained as hyperbolic. The latter idea takes nontrivial restrictions on the range of φ which may to be irrelevant. However if the signature of De Witt's metric is hyperbolic, a well defined initial value problem can be posed with respect to an 'intrinsic time' which is played by the conformal part of the 3-metric. Applying representation of Dirac's canonical quantization operators aŝ where we assumed that the ADM mass M to be has a non-zero value and the canonical commutation relations to be
imj of a flat RW space time metric is eliminated 2 and we have
The minisuperspace variables R, φ and the non dynamical shift function α are depended only to the evolution time parameter t. Hence the super hamiltonian constraint (4.3) can be rewritten as
in which corresponding WD equation become
With ω → ∞, kinetic term of the BD field suppressed in the above WD wave equation and so WD wave function is depended only to the scale factor of space time R such that
where φ should be set with Newton's gravitational coupling constant as φ ∞ = 1/16πG N = 1/l 2 p . Now, we seek solutions of the above WD wave equation in cases M = 0 and M = 0 respectively such as follows.
WD wave solutions with M = 0
Defining Λ = l 2n−4 p , M = µ/l p and dimension-less scale factor R = l p x the WD wave equation (4.14) become
and over-prime ′ denotes to differentiation with respect to minisuperspace variable x. Applying χ ′ (x) = 0 we obtain minimal point of the functional χ(x) as x m = −(µ/4) 1/3 for which corresponding Taylor series expansion become
where we have 
describing simple harmonic quantum oscillator. Whose solutions is described in terms of Hermit polynomials H j (z) such as follows.
where L denotes to the WD wave solution of the Lorentzian signature flat RW space time,
The equation (4.22) leads to a quantization condition on the ADM mass such as follows.
Eigne states of Euclidean regime of flat RW space time can be derived by using (4.21) and replacing x → ix. In the latter case (4.21) leads to Euclidean regime of the solutions as
Signature of the metric is degenerated on the signature transition hypersurface x=0 where z E = z L = µ j /2 = 2j + 1, and so we will have We multiply by 2W ′ (x) which allows us to rewrite this in the forme
This simplifies a great deal if we neglect the term on the RHS of the equation. We assume that this can be done, and the check that the assumption was correct. If we drop the right side of the above equation, we find that
where C is a constant of integration. Since both W (x) and W ′ (x) must vanish at infinity, we must have C = 0. Thus
whose solution , acceptable at infinity, is
We can now check that
x 3 is indeed negligible compared where over-prime ′ denotes to differentiation with respect to the minisuperspace variable y. The latter equation has a regular singularity at y = 0 and so one can obtain a convergent series solution as
which with A 0 = 1 we will have g(y) = 1 + 3y 2 + 9y 2 20 + 9y
Applying (4.33) and (4.35) we will obtain WD wave functional of the cosmological model such that
which describes probability distribution of Lorenszian signature flat RW space time scale factor x = R/l p . Replacing x → ix the solution (4.39) leads to corresponding Euclidean regime of massless WD wave solution as
This is not a real wave functional and so whose physical interpretation may to be obtained at neighborhood of signature transition hypersurface x = 0 such as follows. lim
which means nonzero probability of quantum tunneling of metric signature transition from Lorentzian to Euclidean signature of flat RW space time and vis versa on the signature transition hypersurface x = 0.
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In this work we study flat RW space time supported by BD scalar-vector tensor gravity in the presence of variable cosmological parameter. There is obtained nonsingular inflationary cosmological model with scale factor R(t) = l p cosh(t/l p ) exhibiting metric signature transition from Lorentzian (-,+,+,+) to Euclidean topology (+,+,+,+) under the replacement t → it. Unit time like dynamical vector field and BD scalar field treats as a fluid with time dependent barotropic index γ(t) = p(t)/ρ(t) where p(t) and ρ(t) denotes to pressure and density of the fluid respectively. In the large scale of the universe we have γ(t) → −1 corresponding to dark matter dominant.
In the quantum cosmological approach we solve WD wave equation of the cosmological system. With a nonzero ADM mass parameter and large values of BD parameter ω → ∞, the WD solution leads to eigne states of a simple harmonic quantum oscillator. With a zero value of the ADM mass parameter we obtained also WD wave solution of the system which dose not make orthonormal states of Hilbert space. But signature quantum tunneling of flat RW space time metric from Lorentzian regime (-,+,+,+) to whose Euclidean (-,-,-,-) is predicted by both WD solutions on the hypersurface of signature transition R = 0.
Appendix
The BD scalar tensor gravity is given by [35] 
The BD action (6.1) leads to minimally coupled scalar tensor gravity defined by Einstein Hilbert action such as follows.
whereḡ µν and g µν are called 'Einstein' and 'Jordan' frames respectively [43] and G is named the Newton's gravitational coupling constant. Also g (ḡ) is absolute value of determinant of the metric g µν (ḡ µν ) with Lorentzian signature (−, +, +, +).
The canonical theory begins with decomposition of the metric tensor on particular space-like Cauchy hypersurface Σ t with t = constant. Whose shape equation is given by x µ = x µ (t, y k ) where y k is called internal coordinates defined on Σ t . This decomposition is called ADM splitting of space-time into space and time and it is given by [49] (
where over-bar denotes to the assumed Einstein frame and we havē
with {i, j, k} = 1, 2, 3 denoting 'spatial' coordinates of a 3-space y k , and µ, ν denotes to coordinates of 4-dimensional space time x µ .γ ij is named induced metric on the hypersurface Σ t .ᾱ(t, y k ) andβ i (t, y k ) are called 'lapse' function and 'shift' vector respectively and treat as undetermined Lagrange multiplier. In other words they are not minisuperspace dynamical variables. Each choice corresponds to the imposition of certain conditions on the space time coordinates. In this article we choose Gaussian normal coordinates by eliminating the shift vector asβ i = 0. Applying (6.5), the Ricci tensor R µν and Ricci scalarR are calculated from the well known Gauss-CodazziMainardi equations [50, 51, 52] as 
is called extrinsic curvature of 4-dimensional space time embedded on the space-like 3-dimensional hypersurface Σ t with t = constant.∇ and over dot denotes to covariant derivative on the 3-space Σ t and partial derivative with respect to evolution time parameter t respectively. Furthermore there is calculated splitting of the Ricci tensor into space and time as √ḡR
is a suitable time-like four-vector field and it is normal to the space like hypersurface Σ t .
If we attempt to describe the action (2.1) with corresponding Hamiltonian formalism, we will need geometrical objects (6.5), (6.6), (6.7), (6.8), (6.9) and (6.10), described in the Jordan frame. Choosing Gaussian normal coordinate system where β i = 0 and usingḡ µν = Gφg µν we will havē
(6.14) Applying (6.8), (6.11), (6.12), (6.13) and (6.14), the BD action (6.1) become
. Whose canonically momenta conjugates are obtained as
Applying (6.17) and K = γ ij K ij we obtain
Using (6.17), (6.18) and (6.19) we will havė
The BD Hamiltonian density described in the Jordan frame H
BD is obtained by applying (6.16), (6.20) and (6.21) as (see [53] ) Applyingḡ µν = Gφg µν and (2.8) we obtain
With β i = 0, the equations (6.23), (6.27 ) and (6.28) lead to the following relation. Applying (6.10), (6.11), (6.12), (6.13), (6.14) and (6.29) we will have domains are valid only on the Euclidean regime of the space time.
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